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Abstract

A deep understanding of Green’s Theorem (GT) requires students to construct coherent mental representations that
connect line integrals and double integrals within a unified conceptual framework. However, many students struggle
to develop such integrated understanding when solving advanced calculus problems. This study aims to analyze
students’ mental construction processes and identify the types of errors they make when solving GT problems. A
descriptive qualitative approach was employed involving 23 fourth-semester mathematics students from the FMIPA,
Universitas Negeri Padang. Data were collected through written tests, semi-structured interviews and documentation
to capture students’ reasoning and problem-solving processes. The analysis of mental construction was guided by APOS
(Action-Process-Object-Schema) theory, while students’ errors were examined using the Newman'’s Error Analysis
(NEA) framework. Although most students were able to perform actions such as recalling formulas and identifying
given information, many encountered difficulties at the process and object stages, particularly in transforming line
integrals into double integrals and determining the correct orientation of the curve. In addition, the most dominant
errors were transformation errors and process skill errors, reflecting students’ difficulties in translating problems into
appropriate mathematical representations and executing solution procedures accurately. The study highlights the
need for instructional strategies that emphasize conceptual mental construction, visual reasoning and reflective error
analysis to enhance students’ conceptual understanding and problem-solving competence in advanced calculus.
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Introduction

Calculus plays a central role in science, engineering
and economics as a mathematical foundation for
modeling change and solving complex problems
(1, 2). In physics and engineer-ing, calculus is used
to analyze motion, design mechanical systems and
develop algorithms, while in economics it supports
the analysis of price dynamics, profit optimization
and production costs (3, 4). Consequently, a solid
understanding of calculus enhances students’
analytical thinking and problem-solving abilities.
However, learning calculus requires mastery of
abstract concepts such as limits, derivatives and
integrals, which demand logical and systematic
reasoning (5, 6).

Within vector calculus, line integrals constitute a
fundamental topic and serve as a prerequisite for
understanding integral theorems, including GT (7).
GT connects line integrals and double integrals,
requiring multiple
representations and concepts simultaneously.
Students who lack proficiency in basic integration
techniques

students to coordinate

often encounter difficulties in

determining curve orientation, identifying integra-
tion boundaries, transforming line integrals into
double integrals and performing accurate
algebraic operations. A study reported that
students frequently struggle to select appropriate
solution methods for integral problems (8),
despite the fact that mastery of integration
techniques is essential in advanced calculus
courses (9).

Errors in solving integral problems and integral
theorems are commonly associated with weak
foundational skills and a lack of procedural
accuracy, leading to technical and systematic
errors (10). When such errors persist, students’
confidence and motivation in learning
mathematics tend to decline (8). Therefore,
investigating students’ mental construction
processes in solving GT problems is crucial for
identifying the cognitive of these
difficulties and for informing instructional design
(11). Learning integrals remains challenging for

both students and instructors (12, 13) due to the

sources
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abstract nature of the concept and its strong
interconnections with functions, limits, series and
derivatives (14-16). Students often interpret
integrals narrowly as the area under a curve or as
the of differentiation, resulting in
fragmented conceptual understanding (17). This
limited perspective contributes to high levels of
anxiety and negative attitudes toward calculus
learning (18). A study further emphasized that
students frequently lose confidence after calculus
courses due to the heavy reliance on theorems,
formal procedures and interdisciplinary reasoning
(19).

From a cognitive perspective, understanding GT
requires students to simultaneously coordinate
geometric visualization, vector field interpreta-
tion, boundary orientation, symbolic manipulation
and transformations between line integrals and
double integrals. Such coordination reflects a
highly complex cognitive activity because students
must integrate multiple representations within a
unified mathematical structure. Consequently, GT
possesses  substantial cognitive
complexity, particularly for students whose
prerequisite understanding of limits, derivatives
and integrals remains fragmented. These cognitive
demands may impose high intrinsic cognitive load,
making it difficult for students to organize and
connect mathematical ideas coherently during
problem solving.

The present study adopts APOS theory as the

inverse

intrinsic

primary theoretical framework for examining
students’ mental construction processes. APOS
theory, which originates from constructivist
learning theory, posits that
understanding is actively constructed through
reflective abstraction and cognitive restructuring

mathematical

rather than passively received from instruction.
Within this
mathematical

framework, students construct
knowledge through
interconnected mental structures. In the context of
GT, mental construction involves several impor-

tant cognitive processes, including interiorization

four

of procedural actions, coordination between
graphical and symbolic representations, encapsu-
lation of mathematical processes into conceptual
objects and schema formation through the
integration of multiple concepts into coherent
structures.

problem-solving These processes

enable students to gradually transform procedural
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experiences into deeper conceptual
understanding.

Previous studies have documented various student
learning, including
computational inaccuracies and deeper conceptual
misunderstandings. A study found that procedural
and calculation errors were more prevalent than
conceptual errors in algebraic operations (20).
Misconceptions often arise from difficulties in
interpreting mathematical symbols, reasoning
errors and incorrect graphical representations
(21). Furthermore, NEA has been shown to
effectively identify students’ difficulties in problem
solving, particularly in understanding and
transforming mathematical problems (22). In
advanced calculus contexts, such errors may
indicate procedural deficiencies and incomplete
cognitive construction of mathematical concepts.
Despite the extensive body of research on
students’ understanding of calculus and the
widespread application of APOS theory to topics
such as limits, derivatives, integrals and double
integrals (15, 23, 24), empirical studies that
explicitly examine students’ mental construction of
GT remain scarce. Existing research tends to focus
either on procedural difficulties integral
computation or on isolated conceptual
understanding, without integrating a structured
cognitive framework with a systematic analysis of
problem-solving errors. In particular, little
attention has been given to how students’ APOS

errors in mathematics

in

mental structures relate to specific types of errors
as classified by NEA when solving GT problems.
This gap limits a comprehensive understanding of
how conceptual development and error patterns
interact in vector calculus learning.

To address this gap, the present study adopts APOS
theory to analyze students’ mental construction
processes in solving GT problems and employs
NEA to identify the types of errors students make.
By integrating cognitive analysis and error
analysis, this study seeks to provide deeper
insights into students’ conceptual and procedural
understanding of GT, particularly regarding how
apply
during problem solving.
Furthermore, this study is expected to contribute
theoretically to the understanding of cognitive

students construct, coordinate and

mathematical ideas

development in advanced calculus learning and
pedagogically to the design of more effective
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instructional strategies in vector calculus
education.
Methodology

Research Design

This study employed a qualitative descriptive
approach grounded in APOS theory to examine
students’ mental construction processes and error
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patterns in solving GT problems. A Genetic
Decomposition (GD) was designed to describe the
expected development of students’ understanding
of GT, particularly the coordination between line
integrals and double integrals (25). The GD served
as an analytical framework to identify students’
progression through the APOS stages, as shown in
Figure 1.
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Figure 1: Genetic Decomposition for Line Integral Topic

Figure 1 presents the sequence of conceptual
development expected during students’ learning
of line integrals and GT. The upper section of the
prerequisite  knowledge,
including the definition and notation of integrals,
integration properties
applications of integrals.
concepts

structures

figure represents

and techniques and
These prerequisite
function as foundational cognitive
that support students’
understanding of vector calculus concepts.
Furthermore, Figure 1 also illustrates how
students are expected to use these prerequisite
concepts when solving GT problems. The lower
section describes a sequence of mathematical
activities, beginning with graphical representation
of regions, followed by determining variable

boundaries, selecting appropriate

later

integration
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techniques and finally applying GT in problem
solving. This progression reflects the transition
from procedural engagement toward conceptual
integration within the APOS framework.

The present study specifically examined students’
construction through four cognitive
components derived from APOS theory, namely
interiorization, coordination, encapsulation and

mental

schema formation. Interiorization referred to
students’ ability to internalize procedural actions
into mental processes without relying solely on
explicit instructions. Coordination involved
students’ ability to connect graphical, symbolic
and analytical representations when solving GT
described the

processes into

coherent mathematical objects, particularly when

problems. Encapsulation

transformation of procedural
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students conceptualized GT as an integrated
relationship between line integrals and double
integrals. Schema formation referred to students’
ability to organize multiple mathematical concepts
into a wunified and flexible problem-solving
structure. These cognitive indicators were used as
analytical references in interpreting students’
written responses and interview data.

To distinguish the nature of students’ difficulties
more precisely, this study differentiated between
conceptual confusion and procedural deficiency.
Conceptual confusion was identified when
students demonstrated incorrect understanding of
mathematical concepts, misinterpreted the
meaning of regions or boundary orientations, or
failed to construct appropriate analytical
representations from geometric information. In
contrast, procedural deficiency referred to
inaccuracies  occurring  during  algebraic
manipulation, arithmetic operations, or symbolic
computation despite the use of appropriate
concepts or strategies. This distinction was
considered important because conceptual and
procedural difficulties reflect different levels of
cognitive construction and require different
pedagogical interventions.

Participants and Learning Implementation

The study involved 23 undergraduate students
who were enrolled in a vector calculus course.
Instruction was conducted using the Activity-
Class Discussion-Exercises (ACE) cycle, which is
designed to support the development of APOS
iterative and

mental  structures

constructive learning experiences.

through

Find: §.(x* — xy®)dx + (y* — 2xy)dy
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In the activity stage, students engaged in
exploratory talks aimed at providing concrete
experiences related to GT. These activities
corresponded to the action stage, where students
followed explicit procedures based on given
Tasks symbolic
manipulation, graphical exploration of regions and
the use of mathematical software to compute line
integrals or double integrals numerically. The
purpose of this stage was to familiarize students
with procedural aspects before deeper conceptual
internalization.

The class discussion stage emphasized social
interaction and reflection. Students discussed
their activity results collaboratively under lecturer
facilitation. This stage supported the transition
from action to process, as students began to
internalize procedures and explain solution steps
independently. Through guided questioning and
multiple  representations, discussions also
facilitated the emergence of the object stage, in
which GT was understood as a coherent
mathematical entity rather than a collection of
procedures.
The exercise

instructions. included

stage consisted of structured
problem-solving tasks of increasing complexity
designed to reinforce and integrate students’
understanding. This stage supported the
formation of schemas, enabling students to
coordinate concepts related to line integrals,
double integrals and region orientation within a
unified framework. One of the test items

administered to students is defined by Equation

[1]:
[1]

Where, C is the area of the triangle with angles [0, 0], [2, 4] and [2, 0] using GT.

Data Collection and Analysis

Students’ written responses were assessed using a
maximum score of 15 and classified according to
APOS stages
understanding. In addition, students’ errors were
analyzed using NEA. Student responses were
examined to identify five types of errors: Reading
Error (RE), Comprehension Error (CE), Transfor-
mation Error (TE), Process Skill Error (PE) and
Encoding Error (EE). RE occurred when students
failed to interpret symbols or terms correctly. CE
was identified when students were unable to state

based on their demonstrated

92

what was known or required in the problem. TE
referred to the use of incorrect concepts or
inappropriate solution strategies. PE involved
computational or algebraic inaccuracies, while EE
resulted from incorrect or incomplete final
answers (26-28). These errors were considered
influential in determining students’ overall
performance (2, 29). The criteria for categorizing
student responses based on NEA are presented in

Table 1.
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Table 1: Classification of Student Errors in Solving GT

Vol 7 | Issue 3

Student’s Answer NEA
No answer RE
Incorrectly draw and determine the trajectory in region C CE
Incorrect in determining the line equation and integral boundary TE
Incorrect integration and algebraic calculation operation PE
An incorrect conclusion EE

Note: GT = Green’s Theorem, NEA = Newman'’s Error Analysis, RE = Reading Error, CE = Comprehension Error, TE = Transformation

Error, PE = Process Skill Error, EE = Encoding Error.

As shown in Table 1, RE occurred when students
failed to provide a response or incorrectly
interpreted mathematical symbols and informa-
tion presented in the problem. CE referred to
students’ inability to represent the region or
determine the trajectory correctly, indicating
incomplete understanding of the problem context.
TE and PE were associated with conceptual and
procedural difficulties, particularly in determining
integration boundaries, constructing line equa-
tions and performing algebraic operations
accurately. EE appeared when students reached
the final stage of the solution process but produced
incorrect conclusions despite completing earlier
procedures.

Representative excerpts of students’ work were
randomly selected to illustrate each error type and
to provide deeper insight into students’ cognitive
constructions during GT problem solving. The
classification criteria in Table 1 also served as the
basis for connecting students’ error patterns with
their APOS mental structures during data analysis.
The coding process for APOS analysis was
conducted iteratively using indicators adapted
from the theoretical characteristics of action,
object
Students were categorized at the action stage

process, and schema constructions.
when they demonstrated formula recall, direct
procedural execution, or identification of known
information without conceptual explanation. The
process stage was identified when students were
able to construct coordinate systems, interpret
regions steps

independently. Students were classified at the

and explain  procedural
object stage when they successfully transformed
line integrals into double integrals, determined
appropriate boundaries and orientations and
conceptualized GT as an interconnected Mathema-
tical structure. Finally, students were considered
to have reached the schema stage when they
integrated multiple concepts, representations and
solution strategies coherently and flexibly during
problem solving.
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To enhance the trustworthiness of the analysis,

triangulation was conducted through the
integration of written test results, interview
transcripts and classroom observations. The

triangulation process enabled the researchers to
compare students’ written procedures with their
verbal explanations and observed reasoning
processes during learning activities. Furthermore,
inter-rater validation was employed to ensure
APOS coding and error
classification. Two mathematics education resear-
chersindependently reviewed students’ responses
and categorized them according to APOS stages

and NEA. Any discrepancies in coding were

consistency in

discussed until consensus was reached, thereby
improving the credibility and dependability of the
findings.

To triangulate the finding’s, semi-structured
interviews were conducted with three students
representing high, medium and low achievement
levels. Participants were selected through
purposive sampling based on their test scores and
active participation during the learning process.
The interviews aimed to clarify students’ written
responses and to explore their cognitive reasoning
when solving GT problems, particularly in dividing
regions and determining orientations. Interview
data were analyzed using thematic analysis
procedures consisting of data reduction, data

display and conclusion drawing.

Results

During the stage,
introduced to problems involving the computation

activity students were
of line integrals as a prerequisite to applying GT.
Students engaged in exploratory tasks such as
sketching regions, identifying boundary curves
and performing symbolic manipulation, either
manually or with the assistance of mathematical
software. These activities were designed to
support the action stage, where students followed
explicit instructions to perform procedural steps
without yet demonstrating conceptual integration.
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The class discussion stage facilitated the transition
from action to process. Through guided
discussions, students examined the relationship
between line integrals and physical interpreta-
tions such as work done by a force field, as well as
the distinction between scalar and vector line
integrals. At this stage, students began to
internalize procedural steps into mental processes
that could be executed independently of direct
Discussions also supported the
emergence of the object stage, in which students
started to conceptualize line integrals as abstract
mathematical entities associated with specific
trajectories and regions. Lecturers employed
reflective questioning and graphical represent-
tations to reinforce this conceptual shift.

instruction.

In the exercise stage, students worked on
structured problems intended to consolidate and
organize their understanding into coherent
schemas. These exercises required students to
analyze regions bounded by piecewise curves,
determine appropriate orientations and select
suitable solution strategies, including the
application of GT. Through these tasks, students
were expected to integrate multiple concepts, such
as line integrals, double integrals and region
orientation, into a wunified problem-solving
framework. Based on students’ written responses,
indicators for each APOS stage were identified.
a) Students who were able to recognize and
restate the problem context were categorized

at the action stage.

Vol 7 | Issue 3

b) Students who correctly constructed Cartesian
and sketched the region C
accurately were classified at the process stage.
At the object stage, students were able to
determine the trajectory of region C, formulate
the equation of the boundary curves, identify
appropriate integral limits and apply relevant

coordinates

integration rules.

Students were considered to have reached the
schema stage if they applied GT explicitly to
transform the line integral into a double
integral.

Observable cognitive indicators also emerged
across the APOS stages. Students at the action
stage primarily demonstrated formula recall and
direct symbolic substitution without conceptual
explanation. At the process stage, observable signs
coordinate construction, graphical
representation of regions and procedural explana-
tion of solution steps. Students categorized at the
object stage showed the ability to perform integral
transformations and coordinate geometric inter-

d)

included

pretations with analytical expressions.
Meanwhile, students who reached the schema
stage demonstrated conceptual integration
through flexible reasoning, coherent boundary
analysis and systematic coordination between
graphical, symbolic and computational
representations. The transition from process to
object stage reflected students’ mathematical
abstraction, where procedures were no longer
viewed merely as operational steps but as
coherent conceptual entities.
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Figure 2: Students’ Achievement in Solving GT

Figure 2 illustrates the distribution of students’
cognitive achievement levels in solving GT
problems based on APOS theory. Of the total
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participants, three students were classified at the
action stage, indicating that they were only able to
engage with the problem at a procedural level,
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primarily through interpreting symbols and earlier error analysis, some students at this stage
following explicit instructions. Three students still encountered difficulties in transforming
reached the process stage, demonstrating the geometric representations into correct analytical
ability to construct Cartesian coordinates and forms.

represent the region correctly, yet still showing Finally, eight students reached the schema stage,
limited internalization of procedures and indicating their ability to integrate multiple
conceptual understanding. concepts, such as region orientation, boundary
The largest group, consisting of nine students, decomposition and integral computation, into a
achieved the object stage. These students were unified problem-solving framework. Students at
generally able to identify boundary curves, this level demonstrated a more holistic
formulate equations of trajectories and determine understanding of GT, although minor procedural
integration limits, suggesting that they had begun or representational inaccuracies were still
to conceptualize GT and line integrals as coherent observed in some cases.

mathematical objects. However, as reflected in

Table 2: Relation of APOS Stages to NEA

APOS Stages NEA

RE CE TE PE EE
Action 8.70% - - - -
Process - 4.35% - - -
Object - - 13.04% - -
Schema - - - 39.13% 4.35%

Note: APOS= Action-Process-Object-Schema, NEA = Newman'’s Error Analysis, RE = Reading Error, CE = Comprehension Error, TE =
Transformation Error, PE = Process Skill Error, EE = Encoding Error.

Table 2 presents the distribution of students’ appropriate mathematical form, such as
responses across APOS stages in relation to NEA. determining correct parameterizations,
At the action stage, 8.70% of students exhibited substitutions, or integration limits. This pattern
RE, indicating difficulties in interpreting symbols, indicates that students had partially constructed
notation, or the overall meaning of the GT problem. the concept of GT as an object but had not yet
This suggests that a small proportion of students achieved conceptual flexibility in applying it
were unable to move beyond surface-level accurately.

engagement with the problem statement. At the Interestingly, at the schema stage, errors shifted
process stage, 4.35% of students committed CE, toward PE and EE, with proportions of 39.13% and
reflecting an inability to correctly identify what 4.35%, respectively. Although students at this
was known and what was required, particularly in stage attempted to integrate multiple concepts and
constructing the region and understanding the apply GT within a broader framework,
role of boundary orientation. These findings imply inaccuracies in algebraic manipulation, integral
that although students could initiate procedural computation and final expression of results were
steps, they lacked a coherent understanding of the still evident. This suggests that reaching the
underlying mathematical relationships. schema stage does not guarantee error-free
At the object stage, TE emerged in 13.04% of performance, as procedural fluency and accuracy
students’ responses. Students at this stage remain critical components of successful problem
generally succeeded in visualizing the region and solving. To clarify the distribution of students’
identifying boundary curves; however, they failed difficulties more explicitly, Table 3 summarizes the
to correctly transform the line integral into an dominant error categories identified in this study.
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Table 3: Distribution of Students’ Errors in Solving GT Problems

Error Type Percentage Dominant APOS Stage Example

RE 8.70 Action Misinterpretation of notation.

CE 4.35 Process Incorrect region representation.

TE 39.13 Object Incorrect boundary and integration limits.
PE 30.43 Schema Algebraic manipulation inaccuracies.

EE 4.35 Schema Incorrect final conclusion.

Note: APOS= Action-Process-Object-Schema, RE = Reading Error, CE = Comprehension Error, TE = Transformation Error, PE =

Process Skill Error, EE = Encoding Error.

The findings in Table 3 indicate that TE was
dominant at the object stage, where students had
begun to conceptualize GT but still experienced
substantial difficulty transforming geometric
representations into correct analytical formula-
tions. In contrast, PE was more dominant at the
schema stage, suggesting that students who had
achieved broader conceptual integration still
encountered difficulties maintaining procedural
precision during algebraic computation and
integration processes. These results demonstrate
that students’ cognitive difficulties evolved from
interpretative and representational issues toward
computational and procedural inaccuracies as
their APOS constructions developed.

Comparative Analysis of Student
Errors

The comparison between high- and low-
performing students revealed substantial
differences in conceptual organization and

reasoning flexibility. High-performing students
demonstrated conceptual integration, coherent
graphical interpretation and flexible reasoning
when transforming line integrals into double
integrals. In contrast, low-performing students
relied predominantly on formula memorization
and rigid procedural execution without fully
understanding the relationships between region
orientation, boundary parameterization and
integration limits. High-performing students were
generally able to justify their analytical decisions
mathematically, whereas
students tended to imitate previously learned
examples without adapting them appropriately to
new problem situations.

Differences also emerged between conceptual and

low-performing

procedural errors. Conceptual errors were

primarily associated with incorrect interpretation
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of misunderstanding of boundary
orientation and failure to establish correct
geometric-analytic relationships. Procedural
errors, meanwhile, involved algebraic
inaccuracies, arithmetic mistakes and incorrect
symbolic manipulation despite the use of
appropriate conceptual strategies. This distinction
indicates that some students possessed partial
conceptual understanding but lacked procedural
fluency, while others failed to construct the
underlying mathematical concepts altogether.

Error patterns additionally varied across APOS
stages. At the action stage, difficulties were
dominated by formula recall and symbol
interpretation. At the process stage, students
frequently encountered difficulties in graphical
representation and coordinate construction. The
object stage was characterized mainly by TE
related to integral formulation and boundary
determination, while the schema stage showed
greater emphasis on algebraic precision and

regions,

computational consistency. These findings suggest
that difficulties
progressively alongside the development of their
mental constructions.

students’ cognitive evolve

A further distinction was observed between
difficulties.
Computational difficulties included arithmetic

computational and interpretive
inaccuracies, algebraic simplification errors and
incorrect integration procedures. Interpretive
difficulties, however, involved deeper conceptual
problems such as misunderstanding orientation,
the

between line integrals and area integrals. The

region decomposition and relationship
predominance of interpretive difficulties among
medium- and low-performing students indicates
that many students experienced incomplete
conceptual abstraction rather than merely
procedural weakness.
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Student 1
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Student 1 began by correctly identifying the components of the vector field, namely Equations [2, 3].

M(x,y) = x* — xy*
N(x,y) = y* — 2xy

(2]
[3]

The student then accurately computed the partial derivatives (Equations [4, 5]) demonstrating a clear
understanding of the analytical requirements of GT as shown in Figure 3.

N _

oS [4]
3y 3xy [5]
Y
,,4, ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
H:Zx
x=2
o 2 x
aMm
M = x? — xy?3 = Sy = —3xy*
anN
N =y?*—2xy > 5-=—-2y

Sg(xz — xy3)dx + (y? — 2xy)dy = J.J;(—ZH +3xy*)dA
c

2 2x
=ff (—2y + 3xy*)dydx
o o
2 2
:f —y* + xy?] T dx
o

2
= f (—4x? + 8xt) dx
0

2

= _% 3 Es]
3T TEE,

_ _ % 8

e GO RS- TED))
608

T

Figure 3: Representation for Answer of Student 1

This step that the student had
conceptualized the theorem as an object,
recognizing the relationship between the line
integral and the corresponding double integral

indicates

over the region.

Next, the student correctly applied GT by
transforming the line integral into a double
. ON oM :
integral of the form [f (a - E) dA. The region of

integration was appropriately represented
through a sketch and the student determined
suitable integration bounds based on the geometry
of the region. The order of integration was chosen
consistently and substitutions were carried out
systematically, reflecting a  well-organized
problem-solving strategy.

Table 4: Excerpts from the Researcher’s Interview with Student 1

required conditions, I considered GT to be the most efficient approach to transform the line

Questions

Researcher Could you explain why you chose to use GT to solve this problem?

Student 1 Because the line integral is taken over a closed curve and the vector field satisfies the
integral into a double integral over the enclosed region.

Researcher How did you determine the integrand for the double integral?

Student 1

[ first identified the vector field components as M(x,y) and N(x,y). Then I computed 3—11 and

M ) . N . .
Z—y. The difference between these two partial derivatives directly forms the integrand

according to GT.

97



Hevardani et al, Vol 7 | Issue 3

Researcher What considerations did you make when determining the region and the limits of
integration?
Student 1 I sketched the region to clearly see its shape and orientation. From that sketch, I determined

appropriate bounds for x and y so that the integral fully represents the entire region
enclosed by the curve.

From Table 4, the statement “I sketched the region Throughout the solution, the student

to clearly see its shape and orientation” indicates demonstrated strong procedural fluency in
that Student 1 coordinated graphical and evaluating the integrals and performing algebraic
analytical representations simultaneously. From manipulations. The final result was obtained
an APOS perspective, this reflects schema-level through a sequence of logically connected steps,
understanding because the student no longer showing coherence between graphical
relied solely on procedural recall but representation, analytical transformation and
demonstrated conceptual integration between computation. Overall, this response reflects
geometry, orientation and integral transformation. schema-level understanding, as the student
The student’s reasoning also shows evidence of successfully integrated multiple concepts into a
encapsulation, where the transformation process unified and mathematically sound solution of GT.

was understood as a coherent mathematical object

rather than isolated procedural steps.

Student 2

Student 2 correctly identified the vector field components (Equations [6, 7]) and computed the partial
derivatives (Equations [8, 9]).

M(xy) = x* — xy* [6]

N(xy) =y? - 2xy [7]

ON

ol (8]

oM _ o 2

oy = XY [9]
P B

-

M =x* - xy?3 *)%=—3x51
NZgl—ny %%=7Zy
jg(xz—xy3)dx+(52—2xy)d3 :ﬂ %u%—n;)dydx

zﬂ(—23+3x32)dydx
x=2 =%
ks 2
= f f (=24 + 3xy*)dydx
x=0 Y=2
2 x
=fo “yt g} odx

F 2 4
X x
= Io (—T+?+4—8x dx
2

_ x3 x5 2
= *H*To”‘x—“ju
- _8 , 32 _
= 1+4o + 8 16
_ 118

15

Figure 4: Representation for Answer of Student 2

This indicates that Student 2 recognized the formal The student also sketched the integration region
structure of GT and attempted to apply it by and selected an order of integration, as shown in
transforming the line integral into a double Figure 4. However, inaccuracies emerged in
integral. determining the integration bounds and in

98



Hevardani et al,

. . . N oM
expressing the integrand after applying Py
These inaccuracies led to inconsistent

substitutions and incorrect limits in subsequent

Vol 7 | Issue 3

steps. While the student proceeded with the
computational process and completed the
algebraic manipulations, the final result was
affected by earlier conceptual misalignment.

Table 5: Excerpts from the Researcher’s Interview with Student 2

[ followed the formula by finding Z—l: and Z—M then subtracting them. I was confident about that

What difficulties did you experience when determining the region and the limits of

I could picture the region but translating that picture into exact bounds was confusing.  wasn’t

Questions
Researcher How did you determine the integrand in the double integral?
Student 2 .

y

part, but [ was less certain when setting up the limits.
Researcher

integration?
Student 2

completely sure which values of x and y should come first in the integration.
Researcher How do you understand GT conceptually?
Student 2

I understand that it connects a line integral to an area integral, but I still rely heavily on the

formula. If the region is complicated, I get unsure about how to set everything up correctly.

From Table 5, the phrase “I could picture the
region but translating that picture into exact
bounds was confusing” provides important
cognitive evidence that Student 2 had partially
achieved process coordination but had not fully
encapsulated the an
integrated conceptual object. Although the student
understood the formal structure of GT, the
inability to consistently convert graphical
representation into analytical boundaries
indicates incomplete mathematical abstraction.
This response reflects object-stage understanding

transformation into

Student 3

with dominant TE associated with geometric-
analytic mapping difficulties.

Overall, Student 2 demonstrated partial
conceptual understanding characteristic of the
object stage in APOS theory: the student viewed GT
as an applicable mathematical object and followed
procedure, yet lacked sufficient
conceptual control over region description and
boundary consistency. The dominant difficulty
aligns with a TE, where the transition from
geometric representation to correct analytical
formulation was not fully achieved.

its formal

Figure 5 illustrates the written solution of Student 3 in solving a GT problem. The student began by
correctly identifying the vector field components (Equations [10, 11]) and computing the partial

derivatives (Equations [12, 13]).

M(x,y) = x? —xy? [10]

N(x,y) = y* — 2xy

oM

ay
ON _
ax

= —3xy?

99

[11]
[12]
[13]
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Figure 5: Representation for Answer of Student 3

This indicates that Student 3 was able to recall and
apply the formal formula of GT at a procedural
level.

However, substantial difficulties emerged in the

subsequent steps. The student attempted to apply

oM ot
ay’ y

showed confusion in simplifying the integrand,

GT by forming a double integral on—I: -

leading to incorrect algebraic expressions. In
addition, the determination of integration
boundary was inconsistent and not clearly derived
from a well-defined region. The region itself was
not explicitly represented or justified through a
sketch, which weakened the connection between
the geometric interpretation and the analytical
formulation.

Table 6: Excerpts from the Researcher’s Interview with Student 3

[ wasn’t very sure about the region. I tried to follow the example from class and chose limits

[ found it hard to connect the picture of the region with the integral. I knew the formula, but I

Questions
Researcher How did you determine the region and the boundary of integration?
Student 3

that I thought matched the problem.
Researcher What part of the solution did you find most difficult?
Student 3

didn’t really understand how the limits should come from the region.
Researcher How would you describe your understanding of GT?
Student 3

I know the steps and the formula, but I don’t fully understand why it works or how the line

integral and the double integral are related.

From Table 6, the statement “I knew the formula,
but I didn’t really understand how the limits
should come from the region” strongly indicates
reliance on procedural memorization without
conceptual interiorization. From an APOS
perspective, Student 3 remained primarily at the
action stage because the student executed
symbolic
constructing coherent relationships between
graphical representation and analytical

formulation. The response also demonstrates

procedures mechanically without

incomplete coordination between geometric

interpretation and integral transformation, which

100

resulted in dominant TE and unsupported
analytical assumptions.

Although the student completed the integration
process and obtained a final numerical result, the
solution contained multiple conceptual and
procedural inaccuracies originating from incorrect
transformations and unsupported assumptions.
These errors indicate that Student 3 relied heavily
on memorized procedures
understanding of the underlying concepts. From
the perspective of APOS theory, this response
where

without a clear

reflects action-level understanding,
students can follow symbolic rules but have not

internalized the process or conceptualized GT as
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an object. The dominant error type corresponds to
TE, as the student failed to correctly translate the
problem from its geometric form into an
appropriate analytical representation.

Discussion

Calculus remains one of the most frequently
discussed topics in undergraduate mathematics,
particularly derivatives integrals (30).
Geometrically, integrals are commonly introduced
as the area under a curve f(x) and conceptually
they play a crucial role in calculating areas,
volumes, arc lengths, fluid forces and other
quantities that are fundamental
statistics and engineering (31). Mastery of integral
concepts requires an understanding of
antiderivatives and the relationship between
definite and indefinite integrals (32). Despite their
importance, numerous studies have reported that
students’ performance in solving integral-related
problems remains relatively low (33), largely
because students tend to prioritize procedural
techniques over conceptual understanding (34).
The findings of this study reinforce previous
research indicating that teaching mathematical
concepts through memorization and formula
recall contributes to students’ misconceptions and
fragmented understanding (35). As reported by
Rahim, students often struggle to articulate an

and

in physics,

initial strategy for problem solving; even when an
initial idea exists, they experience difficulty
progressing to subsequent steps (36). Another
study similarly observed that although students
are frequently able to execute integration
procedures, their of the
relationship between definite integrals, area and

understanding

fundamental theorems of calculus remains limited
(34). These tendencies were also evident in this
study, particularly among students who relied
heavily on formal rules without fully
understanding the underlying concepts of GT.

Understanding GT requires strong prerequisite
knowledge of limits, derivatives and integrals (30).
However, students often fail to conceptualize
integrals as limits of sums (17), which weakens
their ability to
meaningfully. Karama reported that students

interpret integral theorems
experience difficulties in determining derivatives
using interpreting
graphical representations of derivatives (37),
largely due to insufficient understanding of

limit definitions and in

101

Vol 7 | Issue 3

prerequisite concepts such as functions, limits and
gradients (15). In the context of this study, such
conceptual gaps help explain why some students
struggled to connect the geometric interpretation
of regions with the analytical formulation required
by GT.

From a mathematical perspective, solving GT
problems requires students to coordinate several
interconnected analytical processes simultaneous-
ly. Students must correctly determine the
orientation of closed curves, construct suitable
parameterizations of boundary segments,
interpret the relationship between circulation and
area integration and map geometric regions into
appropriate analytical representations. Many
students in this study experienced difficulties
preserving the
required by GT, resulting in sign inconsistencies
and incorrect integral formulations.

In several cases, students also demonstrated
incomplete understanding of parameterization
when expressing piecewise boundary curves
analytically. These findings indicate that students
often viewed the transformation from line
integrals to double integrals procedurally rather
than conceptually. Furthermore, although
Jacobian transformation was not explicitly
required in the given task, students’ difficulties in
converting geometric regions into analytical
integral bounds suggest broader weaknesses in
geometric-analytic mapping, which is fundament-

counterclockwise orientation

tal in multivariable and vector calculus learning.
Differences in students’ mental constructions play
a significant role in their success or failure in
solving mathematical problems (33, 38). APOS
theory provides a useful framework for
characterizing these differences by describing how
students’ progress through the action, process,
object and schema stages (39, 40). The present
study demonstrates that students’ levels of
understanding of GT varied considerably. While
some students reached the schema stage and were
able to integrate multiple concepts coherently,
others remained at the object or process stages,
indicating incomplete mental construction. The
design of GD proved effective in revealing how
students constructed or failed to construct key
concepts (24, 41).

Analysis of individual student work further
revealed that medium- and low-ability students
exhibited incomplete understanding even when
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they appeared to reach the object stage. These
students often failed to determine all boundary
trajectories, assign correct orientations, or specify
appropriate integration boundaries, resulting in
incorrect solutions. This finding aligns with past
research who reported that errors are more
prevalent among students with medium and low
mathematical ability, largely due to differences in
analytical skills and problem-solving attitudes
(27). Moreover, a study showed that students may
demonstrate adequate understanding at the action
stage but encounter difficulties at the process and
object stages, particularly in explaining graphical
constructions (42).

The comparison between high- and low-
performing  students revealed important
differences in cognitive organization and problem-
solving flexibility. High-performing students
generally demonstrated schema-level understan-
ding characterized by conceptual integration,
flexible reasoning and the ability to justify
transformations between geometric and analytical
forms. In contrast, low-performing students
tended to rely heavily on memorized procedures
and isolated formulas without fully understanding
the meaning of boundary orientation, region
decomposition, or integral transformation.
Conceptual confusion was particularly evident
students incorrectly interpreted the
region or selected inappropriate
integration limits, whereas procedural deficien-

when
enclosed

cies appeared primarily in algebraic simplification
and arithmetic operations. These findings indicate
that conceptual understanding and procedural
fluency are interdependent rather than separate
dimensions in advanced calculus learning.

The error analysis based on NEA revealed several
significant difficulties experienced by students in
solving GT problems. These errors manifested as
failure to respond to the problem, incorrect
representation of regions and trajectories and
inaccurate determination of equations or
integration limits. Such findings are consistent
with another who reported that TE and PE were
common in integral problems due to students’
inability to convert one mathematical form into
another and their lack of algebraic accuracy (43).
The dominance of TE in this study is also similar
with past study which identified similar error
patterns in students solving PISA problems,
attributing them to difficulties in translating
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contextual problems into mathematical models
(26). Notably, EE were rarely observed, which is
consistent with previous findings indicating that
such errors are uncommon among students who
possess at least a basic level of mathematical
competence (29). Prior research has consistently
shown that errors in mathematical problem
solving significantly affect learning outcomes (28,
44) and that misconceptions at the conceptual
level led to persistent confusion in subsequent
problem solving (45).

The predominance of transformation errors in this
study indicates that many students experienced
difficulty translating geometric representations
into analytical integral forms. This suggests that
the transition from process to object construction
had not been fully achieved. Students were often
able to identify formulas symbolically but failed to
coordinate graphical interpretation, orientation
analysis and boundary formulation coherently.
Such findings support the view that
transformation errors are strongly associated with
incomplete encapsulation processes within APOS

theory. Consequently, students may appear
procedurally competent while still lacking
conceptual control over the mathematical

structures underlying GT.

Overall, the findings suggest that difficulties in
solving GT problems stem not only from
procedural weaknesses but also from incomplete
mental constructions and conceptual
misunderstandings. These results highlight the
of strategies that
explicitly address students’ mental construction
processes and common error patterns (10,42). By
incorporating APOS-based learning designs and

systematically analyzing student errors, lecturers

importance instructional

can develop more effective pedagogical
approaches that minimize misconceptions,
strengthen  conceptual understanding and

improve the overall quality of vector calculus
learning.

From a pedagogical perspective, the ACE cycle can
serve as an effective instructional framework for
reducing students’ conceptual and transformation
errors in GT learning. In the activity phase,
lecturers should provide exploratory talks
involving graphical visualization, orientation
tracing and region decomposition to strengthen
students’ intuition before formal
symbolic manipulation is introduced.

geometric
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During the class discussion phase, scaffolding can
be implemented through guided questioning, peer
explanation and reflective comparison between
correct and incorrect solution strategies. Such
scaffolding is important for helping students
geometric representations with
analytical formulations and for facilitating the
transition from process to object construction. In
the exercise phase, students should be exposed
progressively to increasingly complex regions and
parameterizations so that they can develop
flexible schemas for applying GT in different
contexts.

In addition, the integration of GeoGebra may help
students  visualize orientations, boundary
trajectories and integral transformations more
meaningfully. Lecturers should also emphasize
reflective error analysis by discussing common
transformation and orientation errors explicitly
during instruction. Through systematic scaffolding
and visualization-based learning, students are
expected to develop stronger conceptual
understanding, improved geometric-analytic
mapping ability and greater flexibility in solving
advanced vector calculus problems.

coordinate

Conclusion

This  study that
understanding of GT develops through varying

demonstrates students’
levels of mental construction as described in APOS
theory. While several students were able to reach
the stage and integrate geometric
interpretation, boundary orientation and integral
transformation coherently, many others remained
at the action, process, or object stages, indicating

schema

incomplete conceptual construction. The findings
reveal that successful problem solving in GT
requires not only procedural fluency but also deep
conceptual understanding of the relationships
between line integrals, double integrals, region
orientation and analytical representations.
Students who relied primarily on memorized
conceptual
coordination tended to experience substantial
difficulties in constructing mathematically valid

solutions.

formulas without sufficient

The results further indicate that the most
dominant difficulties encountered by students
transformation processes,
particularly in determining boundary trajectories,

representing regions analytically, selecting

were related to
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appropriate integration limits and maintaining
correct curve orientation. These difficulties were
predominantly classified as TE within the NEA.
Such findings suggest that students often
experience challenges in translating geometric
information analytical integral forms,
reflecting incomplete encapsulation and schema
formation processes within APOS theory. In
addition, procedural deficiencies such as algebraic
inaccuracies and computational inconsistencies
were also observed, especially among students
who had partially achieved higher APOS stages but
still lacked procedural precision. These findings
confirm that conceptual understanding and
procedural competence develop
simultaneously in advanced calculus learning.

From a pedagogical perspective, the findings
emphasize the importance of instructional designs
that explicitly support students’ cognitive
construction processes during vector calculus
learning. The ACE cycle provides meaningful
opportunities for students to gradually progress
from procedural engagement toward conceptual

into

must

integration through exploratory activities,
reflective discussions and structured exercises.
Effective scaffolding should therefore be

systematically implemented at each stage of
learning,
visualization, guided orientation analysis, reflec-
tive questioning and collaborative reasoning
activities. Furthermore, lecturers are encouraged

particularly  through  graphical

to incorporate diagnostic error analysis into
classroom instruction so that students become
of conceptual
transformation errors when solving GT problems.
Such approaches are expected to strengthen
students’ geometric-analytic reasoning, reduce

more aware common and

misconceptions and improve overall conceptual
understanding in advanced calculus courses.

The study involved a relatively small number of
participants from a single university context,
which may limit the generalizability of the findings
to broader educational settings. In addition, the
study focused specifically on GT and did not
investigate whether similar cognitive patterns
occur in other vector calculus topics such as
Stokes’ Theorem or the Divergence Theorem.
Therefore, future research is recommended to
employ
approaches involving larger and more diverse
participant dynamic

longitudinal ~and  mixed-method

groups, visualization
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environments and technology-assisted learning
interventions to further explore students’ mental
construction processes and cognitive development
in advanced mathematics learning.

Abbreviations

ACE: Activities-Class Discussion-Exercises, APOS:
Action-Process-Object-Schema, CE: Comprehen-
sion Error, EE: Encoding Error, GD: Genetic
Decomposition, GT: Green’s Theorem, NEA:
Newman'’s Error Analysis, PE: Process Skill Error,
RE: Reading Error, TE: Transformation Error.
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    ∮ C     (  x 2 − x  y 3 ) dx +  (  y 2 − 2 xy ) dy


  C


  C


  M  ( x , y ) =  x 2 − x  y 3


  N  ( x , y ) =  y 2 − 2 xy


    ∂ N  ∂ x = − 2 y


    ∂ M  ∂ y = − 3 x  y 2


   ∬   (   𝜕 N  𝜕 x −   𝜕 M  𝜕 y ) d A


  M  ( x , y )


  N  ( x , y )


    ∂ N  ∂ x


    ∂ M  ∂ y


  M  ( x , y ) =  x 2 − x  y 3


  N  ( x , y ) =  y 2 − 2 xy


    ∂ N  ∂ x = − 2 y


    ∂ M  ∂ y = − 3 x  y 2


    ∂ N  ∂ x −   ∂ M  ∂ y


    ∂ N  ∂ x


    ∂ M  ∂ y


  x


  y


  M  ( x , y ) =  x 2 − x  y 3  


  N  ( x , y ) =  y 2 − 2 xy


    ∂ M  ∂ y = − 3 x  y 2


    ∂ N  ∂ x = − 2 y


    ∂ N  ∂ x −   ∂ M  ∂ y


  f  ( x )

